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Abstract

HE objective of the present work is to apply recent

developments in thermodynamics of irreversible pro-
cesses in order to obtain rapid analytical solutions of skin fric-
tion and heat transfer in Blasius flow by a variational tech-
nique. According to the theory of boundary-layer flows, the
irreversible processes of momentum and heat transfer in flows
around bodies occur mainly inside a thin layer adjacent to the
surface of the body. Therefore, the natural way of studying
these nonequilibrium processes is by using the technique based
on irreversible thermodynamics. A variational principle in-
troduced by Gyarmati' into nonequilibrium thermodynamics
is applied to achieve an analytical solution that is unique and
the first of its kind because it forms a complete solution to the
problem.

Contents
Formulation of Gyarmati’s Principle
Gyarmati'*? developed a variational principle

8, (o~s-91av=0 )

which describes the evolution of linear, quasilinear, and
nonlinear dissipative processes in space and time. When the
governing equations of the present system are given in the
following balance form:
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the principle [Eq. (1)] assumes the following:
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Fig. 1 Variation of local Nusselt number with logP (P= 104 to 1) for
various 7.
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Fig. 2 Variation of local Nusselt number with logP (P=1to 104) for
various n.
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The velocity and temperature distributions inside their respective boundary layers are assumed to be as follows:

u/Uy,=2y/d, —20%/d} + y*/d8,

(y<d)); u=U,(y=d,)

(T=To)/N(Ty—Ta) =1-2p/d, + 23 /d} ~y*/dS, (y<dy); T=T.(y=d,) @

The variational principle is formulated for the cases P<1 and P= 1, respectively. The transformations

dl’zzdl*’ZVVx/Um (5)

render the Euler-Lagrange equations of Gyarmati’s principle (3) into the following algebraic polynomial equations:

d*—980.0253=0 or df=5.595119 6)

d3"' P*[17.12121n% + 25.68182n + 11.1039] — d3°[P({117.4603n + 104.3651} + P2d}2{20n2 + 10n} ] —d}7 [742.857

+ Pd3n(133.333) - P2d}*{21.255n% — 64.20635n) ] +d3¢ [ Pd}3 {190.4763n — 552.3809) — P2d5 (5.2473n2 + 56.88005n

+115.1546} 1 + d3° [ Pd}*n(64.287)— P2d}% {17.3127n% — 430.9593n - 53.42856 ] ] —d3* [ Pd}® (200n — 2355.556)

— PXd}7 (15.9476n% — 523.9081n +273.6516} | + d33 [ Pd}6{63.492n ~ 1484.127} — P2d}8{3.7495n2 x 188.8141n

+180.2096} 1 + d32 [ Pd}7 {46.7532n — 1788.313) — P2d}® {1.609651% — 87.23386n + 267.3784) ] —d} [ Pd}¥ {35.3535n

—2091.163 ) — P2d}19(1.07506n2 — 88.26085n + 322.2646} | + Pd}® {6.8376n — 598.2904)

—P2d3' {0.175064n% — 19.82244n +94.47332} =0, Pr=1)

-and

M
d3'>P?[0.8198498n + 0.9018346n + 0.25649311 ~d3 d}P?[5.368025n + 5.981943n + 1.728144] + d310d32P2 [8.760358n2
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(Pz1) @®

—d33d  P[1587.302n + 1063.492] —7428.57d;% =0,

The polynomial equations (6-8) offer any practicing
engineer a rapid way of obtaining solutions for arbitrary
values of n and P.

Analysis of Results

The present approximate method produces results more ex-
act than those of Karman-Pohlhausen’s momentum integral
method. For the skin friction of our procedure, 0.4737 is
closer to the exact value 0.4696 (Ref. 3) than Karman-
Pohlhausen’s value of 0.4851. In Table 1, the present results
are compared with known numerical and approximate
solutions.*

Table 1 Coﬂ\parisohﬂ of numerical and approximate values
of local Nusselt number (P=0.72)

Numerical values Approximate Values

Chapman- Lighthill- Present

Rubesin Levy Fettis Schuh Imai values

n

0 0.296 0.2901 0.304 0.0 0.3011 0.2972
1 0.489 0.4814 0.490 0.4524  0.4845 0.4907
2 0.597 0.5865 0.594 0.5700  0.5903 0.5970
3 0.684 0.6634 0.671 0.6525 0.6680  0.6752
4 0.744 0.7268 0.734 0.7182  0.7310  0.7388

Since Levy has estimated the accuracy of his results to be
within 4%, one can consider the present results to be com-
pletely satisfactory.

Figures 1 and 2 demonstrate that the heat transfer increases
with n. It also follows that the increase in Nusselt number is
quite rapid in the case of larger n. Further, when the Prandtl
number tends to zero, the heat transfer approaches a limiting
value.

Acknowledgment

The authors are grateful to the reviewer for his valuable
suggestions.

References

lGyarmati, 1., “On the ‘Governing Principle of Dissipative Pro-
cesses’ and Its Extension to Non-linear Problems,”’ Annual Physics
Review, Vol. 23, 1969, pp. 353-378.

2Gyarmati, 1., Non-equilibrium Thermodynamics, Field Theory
and Variational Principles, 1st Ed., Springer-Verlag, Berlin, 1970, pp.
36-97.

3Forbes, D.C. and Gross, J.F., “Exact Similar Solution of the
Laminar Boundary Layer Equations,” Advances in Heat Transfer,
Vol. 4, 1967, pp. 317-446.

“Imai, 1., “On the Heat Transfer to Constant Property Laminar
Boundary Layer with Power Function Free Stream Velocity and Wall
Temperature Distributions,” Quarterly on Applied Mathematics,
Vol. 16, 1958, pp. 33-45.



